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1. INTRODUCTION 
Let Rn denote the n-dimensional Euclidean space, and let F(Rn) denote the set of all nonempty 
fuzzy sets in Rn. A mapping A from Rm to 3(Rn) is called a fuzzy process. 
The concept of convex fuzzy processes was introduced by Matloka (11. In [l], a fuzzy process 
A : Rm --) F(Rn) was called a convex fuzzy process if it satisfies the conditions 
(1) A(zi + 22) > 44 + +2), Va,x2 E Rm, 
(2) A(Xx) = X(A(x)), VX > 0, x E Rm. 
However, the concept of convex fuzzy processes proposed by Matloka [l] is very strict. We 
shall prove in this paper, that a fuzzy process A : R” --) F( Rn) satisfying Conditions (1) and (2) 
must satisfy 
A(h + (1 - G,>(Y) 1 sup min{A(xl)(yl),A(x2)(y2)}, (1.1) 
Yl,YdY1+(1-~)Yz=Y 
for all x1,x2 E R”, X E (0,l) and y E Rn, and that the class of fuzzy processes satisfying (1.1) 
shares many properties with the class of fuzzy processes which were called convex fuzzy processes 
by Matloka. In this paper, a fuzzy process satisfying (1.1) will be called a convex fuzzy process. 
The aim of this note is to present important connection between these fuzzy processes and 
some basic properties of convex fuzzy processes. 
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2. PRELIMINARIES 
Let /.L : R* + [0, l] denote a fuzzy set in Rn. A fuzzy set p is called convex [2], if 
P (kw + (1 - 4 92) 1 min {cl (~1) , CL (~2))~ 
for all YI, yz E supp(p) = {y : p(y) > 0) and X E (0,l). 
We shall define addition and scalar multiplication on 7( Rn) by the usual extension principle [3], 
i.e., for CL, v E F(Rn) and X > 0, /.J + v and Xp are defined for any y E R” by 
b+v>(y) = P ;zRm min(&), V(Y - G)) (2.1) 
and 
(X/-J)(Y) = /J (f) . 
For ~1, v E LF( Rn), p is said to be included in V(P s V) if and only if 
(2.2) 
P(Y) I4YL Vy E Rn. 
DEFINITION 2.1. The graph of a fuzzy process A : Rm + 3(Rn), denoted by GA, is a fuzzy set 
in Rm x Rn such that for any (5, y) E Rm x Rn, 
GA@,Y) = A(~)(Y). 
DEFINITION 2.2. (See [4].) A fuzzy set 1-1 : R” -+ [0, l] is called a fuzzy cone if 
for all y E R” and y > 0. 
A convex fuzzy cone is a fuzzy cone, which is also a convex fuzzy set. 
3. MAIN RESULTS 
In this section, we present some basic properties of convex fuzzy processes and important 
connection between convex fuzzy processes and their graphs. 
THEOREM 3.1. Let A : R” -+ F(Rn) be a fuzzy process satisfying Conditions (1) and (2). Then 
A 00 + Cl- 4 22) (Y) 2 sup minV(xl) (~1)~ A (0) (~2))~ 
y1,va:~y1+(l-X)3/z=y 
for all zl,z2 E Rm, X E (0, l), and y E Rn 
PROOF. Let z~,x~ E Rm, X E (O,l), and y E R”. From Condition (l), (2.1), Condition (2), 
and (2.2), we obtain 
A WI + (1 - A) ~2) (Y) 2 (A(k) + A ((1 - A) ~2)) (Y) 
= sup min {A 0x1) (~1) 7 A (Cl- 4 32) (~2)) 
Yl,Ya:Yl+Yz=Y 
= sup min {A (k) (XY~) , A ((I- 4 34 ((1 - A) ~2)) 
Yl>Ya:~Yl+(l-~)Yz=Y 
= sup min {(AA (21)) (XY~) j (Cl- A) A (cd> (Cl- A> ~2)) 
Yl,Ya:~Yl+(l--X)Yz=Y 
= sup min {A (21) (~1) ,A (94 (~2))~ 
Yl,M:~Yl+(l-qYz=Y 
which completes the proof. 
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THEOREM 3.2. If A : Rm + F(Rn) is a convex fuzzy process then for any x E Rm, A(z) is a 
convex fuzzy beet in R”. 
PROOF. Letx E Rm. Since z = Xx + (1 - X)x for all X E (0, l), by the definition of convex fuzzy 
processes, we have for all yl,y2 E R” and X E (0, l), 
A(x) (XYI + (1 - 4 ~2) = A(As+ (I- X>xc) (& + (1 - 8~2) 
2 sup min{&) @I) A4W~ 
~l,fl:xtil+(l-x)Ba=xarl+(l-~)~2 
L min{A(x) (w),A(x) (~2)). 
Hence, A(s) is a convex fuzzy set in Rn. This completes the proof. 
THEOREM 3.3. The graph of a convex fuzzy process A : Rm ---) 3(R”) is a convex fuzzy cone in 
Rm x R”. 
PROOF. Let (x1, yl), (22,y2) E R” x Rn, with ~1~2 E Rm and yl,y2 E Rn, and A E (0,l). Then 
we have 
GA (A (21, ~1) + (1 - A> (x2, ~2)) = A (XXI + (I- X) x2) (Xyl + (I- A) y2) 
2 sup min {A (21) (~21) , A (52) (zh>l 
til,tia:xpl+(l-x)~~=~arl+(l-X)ya 
>_ rnin{A(21)(~l),A(22)(~2)} 
= min {GA (~1, ~1) ,GA (~2, ~2)). 
So, GA is a convex fuzzy set in Rm x R”. 
To see that GA is a convex cone, taking into account the definitions of the graph and convex 
fuzzy processes, we observe that for any (x, y) E R” x Rn and y > 0, 
GA @(xc, Y)) = A @xc) (AY) 
= &4(x)) (XY) 
= A(X)(Y) 
= GA& Y), 
which implies that the graph of A is a fuzzy cone. 
THEOREM 3.4. A:Rm + 3(R”) is a convex fuzzy process if and only if 
A(Axl+ (1 --X)x2) 1 A(A(sl)) + (1 -X)(A(z2)), 
for all x1,22 E Rm and X E (0,l). 
PROOF. Let A : Rm + 3(Rn) be a fuzzy process satisfying 
A&a + (I- 3x2) > A (A (xl)) + (I- A) (A (x2)), 
for all x1,x2 E Rm and X E (0,l). For xl, 52 E Rm, X E (0, l), and y E Rn, we have 
A@XI + (1 -X)x2> (Y> 2 (A(A(xcl))+ (1 -A) (A)) 
It follows that A is a convex fuzzy process. 
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Let A : Rm --) 3(Rn) be a convex fuzzy process. By the convexity of A, we have for all 
x1,22 E Rm, X E (0, l), and y E R”, 




min{A(a) (y) ,A@21 (s)} 
= (A (A (a)) + (1 - 4 (A (22))) (Y), 
which implies that 
A (h + (I- A) ~2) > A (A (~1)) + Cl- A> (A (3~2))) 
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